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We have investigated the low temperature quadrupolar phenomena of the non-Kramers system PrRh2Zn20 under mag-
netic fields in the [100] and [110] directions. Our experiments reveal the B-T phase diagram of PrRh2Zn20 involving
four electronic states regardless of the field direction, namely, a non-Fermi liquid (NFL) state, an antiferro-quadrupolar
(AFQ) ordered state, a novel heavy-fermion (HF) state, and a field-induced singlet (FIS) state. In the wide range of the
NFL state, the resistivity can be well scaled by a characteristic temperature, suggesting the realization of the quadrupole
Kondo effect. The HF state exhibits a Fermi liquid behavior with a large A coefficient of the T 2 term in the resistivity,
suggesting the formation of nontrivial heavy quasi-particles. The FIS state results from the considerable splitting of a
non-Kramers doublet by a magnetic field. The phase diagram shows a large anisotropy with respect to the field direc-
tion. It is found that the anisotropy of the phase diagram can be explained in terms of that of the energy splitting of the
non-Kramers doublet by a magnetic field. This indicates that the low temperature properties of PrRh2Zn20 are governed
by the non-Kramers doublet, namely, quadrupole degrees of freedom. Since a similar phase diagram has been obtained
for the related compound PrIr2Zn20, it is expected that the B-T phase diagram constructed in this work is universal
throughout non-Kramers systems.
1. Introduction
In strong correlated f -electron systems, the itinerant-
localized dual character of f -electrons, which is derived from
the atomic f -orbitals via the hybridization between conduc-
tion and f -electrons (c- f hybridization), gives rise to a rich
variety of exotic phenomena at very low temperatures, for
instance, magnetic order, heavy-fermion behavior, and quan-
tum criticality. The vast majority of such phenomena are gov-
erned by the spin degrees of freedom and have been ex-
plained in terms of the interplay between the Kondo effect
and Ruderman–Kittel–Kasuya–Yosida (RKKY) interaction.
In particular, many attractive phenomena such as metamag-
netic transition, unconventional superconductivity, and non-
Fermi liquid behavior are realized on the verge of magnetic
order. In other words, these phenomena have been systemati-
cally understood on the basis of the Doniach phase diagram in
terms of the spin degrees of freedom. On the other hand, the
nature of electronic states characteristic of multipole instead
of spin is hardly unveiled at present, although the multipole is
one of the fundamental degrees of freedom of f -electrons as
well as spins. Only the long-range order of multipole realized
in f -electron systems with weak c- f hybridization has been
well discussed. In fact, the quadrupole and octupole orders
have been experimentally observed in, e.g., Ce3Pd20Ge6,1)
CexLa1−xB6,2, 3) and NpO2,4) and the hexadecapole order in
PrRu4P12 has been proposed.5) In contrast, most of the low
temperature properties inherent to multipoles with strong hy-
bridization have not been clarified so far, even though the itin-
erant character of multipoles caused by the c- f hybridization
has been recognized to be a crucial factor to reveal intriguing
physics such as the hidden order in URu2Si2.6, 7) Therefore,
our interest has been directed to understanding the fundamen-
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tal nature of electronic states in a non-Kramers system with
strong hybridization.
One may expect that we can readily understand the proper-
ties of a non-Kramers system on the analogy of the Doniach
picture. In fact, however, it is not utterly straightforward be-
cause the scattering process of a multipole is quite different
from that of a spin. For example, an electric quadrupole mo-
ment, which is a rank-2 multipole, scatters with conduction
electrons via two equivalent channels arising from the time-
reversal symmetry. Hence, in contrast to a single-channel
Kondo effect, an anomalous fixed point occurs at a finite cou-
pling and the quadrupole moment is imperfectly screened
(overscreening).8–10) Since the overscreening strongly pre-
vents the formation of quasi-particles, the electronic state aris-
ing from such a scattering process with a quadrupole mo-
ment can no longer be described by Landau’s Fermi liquid
(FL) theory. In other words, a non-Kramers system is ex-
pected to show a non-Fermi liquid (NFL) state with anoma-
lous temperature dependences of physical quantities such as
C/T ∝ − logT and ∆ρ ∝ √T .11) According to recent the-
oretical studies based on the two-channel Anderson lattice
model,12) the temperature dependences of the NFL behaviors
are expressed as
∆ρ(T ) ≡ ρ(T ) − ρ0 = a11 + a2(T0/T ) , (1)
C(T ) = b1
(
1 − b2
√
T/T0
)
, (2)
where ai and bi (i = 1, 2) are constants, and T0 represents the
characteristic temperature of the two-channel Kondo lattice.
Note that this NFL state necessarily has a residual entropy
log
√
2 arising from the equivalency of two scattering chan-
nels even at T = 0. Hence, a novel electronic ground state
to release the residual entropy at the low temperature limit is
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naturally expected instead of the NFL state. These features
of the non-Kramers system are essentially different from the
expectations from the Doniach phase diagram. Therefore, we
would not be able to understand the nature of the non-Kramers
system on the mere analogy of the Doniach picture for the
Kramers system.
The nature of the non-Kramers system is difficult to clarify
mainly because of the lack of suitable compounds. The well-
known compounds for candidate of the quadrupole Kondo ef-
fect include UBe13,13) Y1−xUxPd3,14) and UxTh1−xRu2Si2.15)
However, it is unclear whether they can be regarded as a
non-Kramers system because an uncertainty of the crystalline
electric field (CEF) ground state is involved. For the other
candidates PrMg316) and PrAg2In,17) the precise argument on
the nature of the non-Kramers system may be hindered by
the local breaking of the cubic symmetry due to the random
site exchange inherent to Heusler-type compounds. Recently,
triggered by the discovery of the new non-Kramers systems
PrTr2X20 (Tr: transition metal, X = Zn, Al), which are the
so-called Pr 1-2-20 systems, investigations of the electronic
properties of non-Kramers systems have markedly progressed
for several years. As will be described in the next section,
much effort has been devoted to studying the low temperature
electronic states characteristic of the quadrupole degrees of
freedom for mainly PrIr2Zn20, PrV2Al20, and PrTi2Al20. As a
result, new exotic physics such as an anomalous NFL behav-
ior, an unconventional FL state with a large electron mass, and
the coexistence of quadrupole ordering and superconductivity
have been discovered.18–23) It can be said that these findings
have opened the door toward the successive clarification of
non-Kramers systems.
2. Basic Properties of PrRh2Zn20 and Related Com-
pounds
PrTr2X20 are CeCr2Al20-type cubic compounds with the
space group Fd3¯m. Since the Pr+3 ion is surrounded by 16
X ions forming a Frank–Kasper cage, the strong c- f hy-
bridization is expected. In general, if a rare-earth ion with
f 2 configuration such as Pr3+ and U4+ is subjected to a cubic
CEF, a nonmagnetic (non-Kramers doublet) ground state with
quadrupole degrees of freedom is sometimes realized. In prac-
tice, the Pr 1-2-20 systems have been confirmed to possess the
non-Kramers Γ3 doublet at the CEF ground state.18, 22, 24–26)
Since the CEF first excited energies are estimated to be about
30 K (Ir, Rh), 40 K (V), and 60 K (Ti), we would consider that
the non-Kramers doublet is well isolated and the quadrupole
degrees of freedom is predominantly active at very low tem-
peratures. The non-Kramers doublet is known to carry no
magnetic dipole moment but two components of quadrupole
moment
(
O02,O
2
2
)
≡
(
3J2z − J2,
√
3(J2x − J2y )
)
/2.
Very recently, details on the overview of the low tempera-
ture properties in PrIr2Zn20 have been reported.19, 27) The re-
port shows that the NFL behaviors of electrical resistivity and
specific heat are very robust against magnetic fields, and their
temperature dependences can be well scaled by a characteris-
tic temperature. The satisfaction of the scaling law means that
the NFL behavior is governed by the physics with a single en-
ergy scale. Interestingly, these temperature dependences are
reproducible with Eqs. (1) and (2). From these results together
with the fact that the quadrupole moment is predominantly
active in PrIr2Zn20, it is concluded that the NFL behavior in
this compound would originate from the quadrupole Kondo
effect.28) Moreover, the report also shows that an exotic FL
state with suggestive mass enhancement emerges in the vicin-
ity of the critical point where the quadrupolar ordered phase is
fully suppressed by a magnetic field.19) This FL state probably
serves as an electronic ground state in the quadrupole Kondo
lattice to release the residual entropy. However, the formation
of the FL state from the NFL state with the strong dumping of
quasi-particles is very strange. Some kind of origin to revive
the quasi-particles would exist in PrIr2Zn20.
Unfortunately, it is still a question whether these findings
in PrIr2Zn20 are certainly derived from the non-Kramers dou-
blet. To examine this issue, it is necessary to investigate the
low temperature properties of other systems under magnetic
fields. Thus, we focus on PrRh2Zn20, which is a related com-
pound of PrIr2Zn20. Although most of the Pr 1-2-20 systems
have the well-defined four CEF levels Γ1g(1)⊕Γ3g(2)⊕Γ4u(3)⊕
Γ5g(3) arising from the local point symmetry Td at the Pr3+
site and the non-Kramers Γ3 doublet is located at the ground
state, PrRh2Zn20 has a different type of the four CEF levels
Γ1g(1)⊕ Γ23g(2)⊕ Γ4u(3)⊕ Γ4g(3) at low temperatures. This is
because the local symmetry of the Pr3+ site in PrRh2Zn20 is
reduced from Td to T owing to the structural transition around
room temperature driven by a low-energy anharmonic vibra-
tion of the Zn ions.24, 29) The CEF level scheme of PrRh2Zn20
is determined by the inelastic neutron scattering (INS) exper-
iments as Γ23g(0 K) - Γ4u(31.0 K) - Γ4g(67.1 K) - Γ1g(78.5 K)
in ascending order.26) Thus, even in this case, PrRh2Zn20 can
be regarded as a non-Kramers system because the wave func-
tion of Γ23g is actually equivalent to that of Γ3g. It has been
reported that PrRh2Zn20 exhibits a quadrupolar ordering with
a large magnetic anisotropy at TQ ∼ 0.06 K.24) The ordered
phase is deduced to be antiferro-quadrupolar (AFQ) from the
negative quadrupole-quadrupole coupling constant.30) Inter-
estingly, the superconductivity occurs simultaneously with
the AFQ order within the experimental accuracy. The super-
conductivity is so fragile that it collapses under weak mag-
netic fields of several mT.
There have been only a few intensive studies on PrRh2Zn20
reported so far. Compared with the other Pr 1-2-20 systems,
most of the low temperature properties of PrRh2Zn20 have not
been clarified. In this work, we have two objectives: one is
to clarify the low temperature properties of PrRh2Zn20 under
a magnetic field from the viewpoint of transport coefficients
such as the electrical resistivity ρ and the Seebeck coefficient
S . The other is to discuss the expected features throughout
non-Kramers systems by comparing the resultant properties
of PrRh2Zn20 with the report on PrIr2Zn20.
In this paper, we begin with the experimental procedure in
Sect. 3. The obtained results of PrRh2Zn20 are discussed in
detail in Sect. 4. In Sect. 5, we compare the low temperature
properties of PrRh2Zn20 and PrIr2Zn20. In the final section,
we summarize this paper.
3. Experiments
We prepared three types of single-crystalline sample of
PrRh2Zn20 as shown in Table I. They were grown by the melt-
growth method. The samples named #15 1 AN and #15 2
were cut from the same batch, but only #15 1 AN was an-
nealed at 300 ◦C for 4 days in vacuum to improve the crys-
talline quality. Indeed, the residual resistivity ratio (RRR),
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Table I. Sizes and residual resistivity ratios of the samples used in this
study and direction of applied magnetic field.
Sample Size (H×W×L mm3) RRR Field direction
#15 1 AN 0.08×0.19×0.47 300 B ‖ [100]
#15 2 0.05×0.095×0.16 15 B ‖ [100]
#18 0.13×0.26×3.67 270 B ‖ [110]
which was estimated from the quotient of the resistivity at
room temperature and the extrapolated value at 0 K, became
markedly higher than that of the unannealed sample #15 2.
The other sample named #18 was cut from a different batch
from the pair of #15. The quality of the pristine sample #18
deduced from the RRR was originally very good and compa-
rable to that of the annealed sample #15 1 AN. The length-
wise directions of samples #15 and #18 were oriented in the
[100] and [110] directions, respectively. Therefore, samples
#15 1 AN and #15 2 allow us to investigate the impurity ef-
fect, and samples #15 1 AN and #18 allow us to investigate
the anisotropy of the low temperature properties of PrRh2Zn20
with respect to the field direction.
The electrical resistivity ρ was measured by a standard
four-probe method. The Seebeck coefficient S was measured
by a steady-state method. We prepared contacts by spot weld-
ing in order to reduce the contact resistance. The samples
were fixed on an oxygen-free copper cell attached to the mix-
ing chamber of a 3He-4He dilution refrigerator. We carried
out the experiments in the temperature range of 0.04–4 K,
and the magnetic field range of 0–9 T for samples #15 1 AN
and #15 2 and the magnetic field range of 0–16 T for sample
#18 by using a 16 T superconducting magnet.
4. Results and Discussion
4.1 Phase diagram
First, we construct the temperature-field phase diagram of
PrRh2Zn20 for all samples from the results of resistivity mea-
surements. Figures 1(a)–1(c) show the temperature depen-
dences of resistivity under magnetic fields up to 9 or 16 T
below 1 K. One can easily find that all of the samples exhibit
the NFL behavior with a convex temperature dependence. On
the other hand, the NFL behavior gradually changes into a FL-
like behavior showing a very weak temperature dependence
with increasing field. This is because the non-Kramers dou-
blet is quadratically split by the magnetic field via coupling
with the first excited magnetic triplet. Thus, the field-induced
singlet (FIS) state is stabilized in the high-field region. The
FIS state appears below the crossover temperature TH, which
is defined as the temperature where the resistivity becomes
almost flat against temperature, as shown in Figs. 1(a)–1(c).
The observable NFL behavior at lower fields indicates that
the splitting is insufficient to form the FIS state in such lower
fields. Note that the NFL behaviors on samples #15 1 AN
and #15 2 gradually change into the FL behavior above 6 T,
whereas the NFL behavior on sample #18 changes into the FL
behavior above 10 T. This result evidently demonstrates that
the magnetic response of the NFL behavior is anisotropic with
respect to the field orientation. The origin of this anisotropy
will be discussed in Sect. 4.2.
The low temperature part of the resistivity shows that there
are two kinds of anomalies observed at TQ and T ∗, as shown in
Figs. 1(d)–1(f). Note that the zero resistivity associated with
superconductivity is not observed because the superconduc-
tivity is already broken by the residual field at several mT
of the superconducting magnet. The anomaly at TQ is ob-
served in zero field at ∼ 0.07 K, which is comparable to the
AFQ phase transition temperature reported in Ref. 24. An-
other anomaly at T ∗ is observed at ∼ 0.1 K at B = 0. The
anomaly at T ∗ is interrupted at the finite temperature in the
high-field region as shown Fig. 1(d), while an AFQ phase
boundary is not generally terminated at finite temperature and
magnetic field. This indicates that the anomalies at T ∗ are not
associated with the AFQ phase transition. Moreover, the for-
mation of a novel heavy-fermion (HF) state below T ∗, which
is different from an AFQ phase, has been proposed as reported
in Ref. 20. The detailed nature of this anomaly at T ∗ will be
discussed in Sect. 4.3. Comparison of samples #15 1 AN and
#15 2 reveals that the former, i.e., the high-quality sample,
shows the anomalies at TQ and T ∗, while the latter, i.e., the
low-quality sample, does not show both anomalies, as shown
in Figs. 1(d) and 1(e). Thus, the anomalies would be smeared
Fig. 1. (Color online) (a)–(c) Temperature dependences of resistivity of
samples #15 1 AN, #15 2, and #18 below 1 K and up to 9 or 16 T. For clar-
ity, the data of (a) and (c) are vertically shifted upward by 0.15 µΩcm relative
to each other with increasing field. The arrows indicate the crossover points
TH between the NFL and FIS states. (d)-(f) Low temperature part of resis-
tivity below 0.2 K under a magnetic field below 0.1 T (right axis) and under
a magnetic field above 3 T (left axis). The data of (d) and (f) above 3 T are
vertically shifted upward by 0.1 µΩcm relative to each other with increasing
field. The solid and open arrows point at the critical temperatures of the AFQ
ordered state TQ and the HF state T ∗, respectively. Note that the origin of
the anomalies indicated with solid triangles for sample #15 2 is unclear at
present.
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out by lattice disorders in the crystal. Since the lattice disor-
der causes the non-Kramers doublet to split locally, the long-
range order such as the AFQ phase is affected. Therefore, the
anomaly at TQ in sample #15 2 would not be observable. Con-
sidering the fact that the anomaly at T ∗ vanishes as well as
that at TQ, the HF state is also sensitive to lattice disorders.
However, the reason why the anomalies of sample #15 2 are
observable only at B = 0 is unclear at present. There is a
possibility that accidentally contained impurities undergo a
superconducting transition;31) thus, we must be careful of the
origin of the anomalies in sample #15 2. On the other hand,
the NFL behavior is less affected by lattice disorders as shown
in Figs. 1(a) and 1(b), suggesting that the local splitting of the
non-Kramers doublet in sample #15 2 is sufficiently small to
be ignored at T & 0.2 K, where the NFL behavior is observed.
In addition, sample #18 shows the clear double anomalies at
TQ and T ∗ up to 9 T. Figures 1(d) and 1(f) clearly show a large
anisotropy of TQ and T ∗ with respect to the field direction. In
fact, the large anisotropy of the AFQ phase has already been
reported.24, 30)
These features mentioned above are summarized in Fig. 2
as a temperature-field phase diagram. Regardless of the field
direction, the low temperature electronic states of PrRh2Zn20
can be categorized into four states: the NFL state, the AFQ
ordered state, the HF state, and the FIS state. BQ,C and BH,C
represent the deduced critical fields of the AFQ phase and FIS
state at T = 0, respectively. We do not illustrate the phase dia-
Fig. 2. (Color online) Temperature-field phase diagrams of PrRh2Zn20 for
(a)B ‖ [100] and (b)B ‖ [110]. TQ, T ∗, and TH represent the boundaries or
characteristic temperatures of AFQ, HF, and FIS states, respectively. BQ,C
and BH,C are critical fields of the AFQ and FIS states, respectively. The crit-
ical fields are estimated to be BQ,C ∼ 3.5 T and BH,C ∼ 6.7 T for B ‖ [100],
and BQ,C ∼ 9.7 ± 0.4 T and BH,C ∼ 11.4 ± 0.4 T for B ‖ [110].
gram of sample #15 2 here because the lattice disorder smears
the anomalies associated with the AFQ phase and HF state as
mentioned above. The phase diagram is clearly different from
the Doniach phase diagram that describes many strong corre-
lated systems with spin degrees of freedom, but bears a close
resemblance to the phase diagram of PrIr2Zn20.19, 20) This fact
implies that the low temperature properties of non-Kramers
systems are described in terms of not a mere analogy of the
Doniach picture for the Kramers system but another general
framework characteristic of the non-Kramers doublet. The de-
tailed property of these states will be discussed in the follow-
ing sections.
4.2 Non-Fermi liquid behavior
We shall focus on the NFL behavior of PrRh2Zn20 in this
section. As shown in Fig. 2, the NFL behavior can be observed
over a very wide magnetic field range in the high-temperature
region above the low temperature electronic states such as
the AFQ phase. The exponent of the temperature dependence
of ρ shown in Figs. 1(a)–1(c) is clearly less than unity, im-
plying that the formation of quasi-particles is prevented as
mentioned in Sect. 1. Although it has been pointed out that
an anharmonic rattling motion characteristic of caged com-
pounds causes the similar temperature dependence of resistiv-
ity,32, 33) we can exclude this possibility because the phonon
excitation has not been reported below 1 K in some Pr 1-2-
20 compounds.29, 34) Moreover, the other non-Kramers com-
pound PrPb3 without a caged structure also shows the similar
temperature dependence of ρ.35) These facts clearly indicate
that the convex temperature dependence does not result from
the anharmonic phonon due to the characteristic caged struc-
ture. Additionally, the NFL behavior in PrRh2Zn20 should be
completely differentiated from that in the vicinity of a mag-
netic quantum critical point (QCP). The NFL behavior driven
by the spin fluctuations is usually observed within only a nar-
row magnetic field range around the QCP, whereas our re-
sults show the strong robustness of the NFL behavior against
a magnetic field.
Comparison of Figs. 1(a) and 1(b) reveals that the temper-
ature dependences of resistivity are apparently similar except
for the presence or absence of the anomalies at low temper-
atures. This suggests that the NFL behavior is less sensitive
to the lattice disorder leading to a local splitting of the non-
Kramers doublet. On the other hand, as seen in Figs. 1(a) and
1(c), the convex temperature dependences for both B ‖ [100]
and B ‖ [110] are shifted to the high-temperature region with
increasing field, but the field responses of the shift are quan-
titatively different from each other. This is nothing but the
NFL behavior being governed by an energy scale having an
anisotropy with respect to the field direction.
To understand the nature of the NFL behavior, we exam-
ine the quadrupole Kondo lattice model and Eq. (1). Note that
we can estimate only a2T0 by fitting Eq. (1) to the resistivity,
whose value is approximately a2T0 ∼ 0.17 K at B = 0. We
determine the constant a2 to be ∼ 0.3 because T0 is estimated
in accordance with the definition proposed by Cox, namely,
S 4 f (T0) = 0.75R log 2, to be T0 ∼ 0.55 K at B = 0.9, 24) Here,
note that the quadrupole Kondo lattice model reproduces the
resistivity data in a wider temperature range than the impurity
two-channel Kondo model, ρ − ρ0 ∝
√
T , as shown by the
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thick solid and thin dashed lines in Fig. 3(a), respectively. By
using this value a2 ∼ 0.3, we estimate T0 by fitting Eq. (1)
under a magnetic field. Interestingly, Fig. 3(a) shows that the
resistivities for samples #15 1 AN, #15 2, and #18 in vari-
ous magnetic fields satisfy the scaling relation in terms of T0.
Thus, the scaling relation is widely valid regardless of sample
quality and field direction. Moreover, the fact that the scaling
Fig. 3. (Color online) (a) Universal scaling relation of resistivity in the
NFL region. The plotted data includes all of the temperature dependences
shown in Figs. 1(a)–1(c). The open circle, square, and triangle represent sam-
ples #15 1 AN, #15 2, and #18, respectively. The thick solid line indicates
the plot of Eq. (1) with a2 = 0.3, and the thin dashed line indicates the plot of
∆ρ ∝ √T . The inset shows the scaling relation for PrIr2Zn20 with the plots of
Eq. (1) with a2 = 0.5 (solid line) and ∆ρ ∝
√
T (dashed line). By using T0 at
B = 0, which is determined in accordance with Cox’s definition,27) T0 under
a magnetic field is estimated by fitting Eq. (1). (b)(c) Field dependences of
the characteristic temperature T0. The filled circle, square, and triangle in-
dicate the T0 of samples #15 1 AN, #15 2, and #18, respectively. The solid
line (left axis) is the plot of the empirical relation Eq. (3) with the common
value α = 0.26 K−2, and the dashed line (right axis) is the splitting of the
non-Kramers doublet δ(B) calculated from the Hamiltonian (4).
also works for PrIr2Zn20 as shown in the inset of Fig. 3(a)
leads us to state that the NFL behavior observed in the Pr 1-
2-20 system is governed by unique physics with the single
energy scale T0.
Let us now look at T0 estimated from the scaling in de-
tail. As shown in Figs. 3(b) and 3(c), the T0 values of all the
samples are increased monotonically with increasing field. In
particular, the T0 values of samples #15 1 AN and #15 2 vary
similarly as shown in Fig. 3(b), indicating that T0 is insensi-
tive to the lattice disorder. On the other hand, as shown in
Fig. 3(c), the T0 value of sample #18 varies weakly in com-
parison with the other samples. This fact indicates that the
anisotropy of the NFL behavior originates from that of T0.
One may expect that the upward and anisotropic field depen-
dences of T0 are derived from the field variation of the c-
f exchange interaction Jex because T0 basically corresponds
to the Kondo temperature for the two-channel Anderson lat-
tice model; T0 ∼ TK ∝ exp [−1/(N0Jex)]. However, apply-
ing a magnetic field immediately lifts the degeneracy of the
non-Kramers doublet and consequently weakens the chan-
nel equivalency of the scattering of the conduction electrons.
Thus, we should consider the effect of the splitting of the non-
Kramers doublet, instead of the field response of Jex, to clarify
the field variation of T0. Here, we assume the following rela-
tion;
T0(B) = TK
[
1 + α {δ(B)}2
]
, (3)
where α is an arbitrary constant independent of magnetic
field. δ(B) is the splitting of the non-Kramers doublet by a
magnetic field. This expression describes that the characteris-
tic temperature T0 agrees with the Kondo temperature TK at
zero field and it deviates from TK at finite fields in accordance
with the splitting δ, which can be calculated by diagonalizing
the following Hamiltonian,
H =W
[
x
60
(
O04 + 5O
4
4
)
+
1 − |x|
1260
(
O06 − 21O46
)
+
y
30
(
O26 − O66
)]
− gJµBJ · B. (4)
The first term is the CEF Hamiltonian for the point group
T ,36) and the second term is the Zeeman term. We chose
the experimentally determined CEF parameters (W, x, y) =
(−1.06, 0.417, 0.0575), where W is in units of Kelvin.26) By
using Eq. (3), we succeeded in reproducing the overall feature
of the field dependence of T0 for B ‖ [100] and B ‖ [110], as
shown in Figs. 3(b) and 3(c), respectively. It should be em-
phasized here that the field variation of T0 is reproducible
with a common value of the constant α = 0.26 K−2 regardless
of the field direction, indicating that the field response of T0
is strictly governed by only the splitting of the non-Kramers
doublet δ. In other words, our analysis reveals that the NFL
behavior is definitely derived from the non-Kramers doublet.
Furthermore, recalling the fact that Eq. (1) is based on the
two-channel Anderson lattice model as mentioned in Sect. 1,
it can be said that the promising origin of the NFL behavior is
the two-channel Kondo effect, namely, the quadrupole Kondo
effect.
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4.3 Possible ground states
To release the residual entropy in the quadrupole Kondo lat-
tice as mentioned in Sect. 1, the electronic state must change
from the NFL state into another state with decreasing temper-
ature. One of the well-known ground states in non-Kramers
systems is a quadrupolar ordered state. In fact, we observed
the anomalies of the resistivity associated with the AFQ phase
transition at TQ, and we found that the transition is clearly
anisotropic, as shown in Figs. 1(d)–1(f). With increasing mag-
netic field, the transition temperature TQ for B ‖ [100] mono-
tonically decreases to zero at B[100]Q,C ∼ 3.5 T, while TQ for
B ‖ [110] shows a reentrant behavior before decreasing to
zero at B[110]Q,C ∼ 9.7 ± 0.4 T, which is larger than B[100]Q,C , as
shown in Fig. 2. The reentrant structure of the AFQ phase is
usually explained by the fact that the coupling of the field-
induced magnetic moment stabilizes the AFQ ordering.37, 38)
However, TQ for B ‖ [100] does not show the reentrant be-
havior even though the magnetic moment is expected to be
induced by applying a magnetic field in the [100] direction,39)
suggesting difficulties in clarifying the AFQ phase by sim-
ple descriptions. In fact, it has been reported that a thermal
fluctuation drives the reentrant behavior of the AFQ phase
without any interactions of field-induced moments.40) On the
other hand, the anisotropy of BQ,C can be explained by that
of the energy splitting of the non-Kramers doublet for each
field direction. The magnitude of the splitting δ is estimated
by the second-order perturbation to be δ[100] > δ[110]. Con-
sidering that the ordered phase collapses if the energy split-
ting δ exceeds the interaction between localized moments, the
anisotropy of the AFQ phase is qualitatively explained by that
of the splitting δ.
The other ground state, namely, the HF state, lies in the
intermediate field region between BQ and BH for both field
directions. As shown in Fig. 4 and its inset, the resistivity
Fig. 4. (Color online) Resistivity in the HF state of sample #15 1 AN as a
function of T 2. The open arrows point at the anomaly associated with the HF
state, and the straight lines represent the linear fitting at the low temperature
limits. The data are vertically shifted upward by 0.03 µΩcm relative to each
other with increasing field for clarity. The inset shows ρ vs T plot up to 0.2 K
at 0, 5, and 6 T. The data at 5 T is vertically shifted downward by 0.09 µΩcm.
rapidly changes from the NFL behavior into a FL one with
decreasing temperature below T ∗ marked by the open arrows.
The solid lines indicate the results of fitting by using the ex-
pression ρ(T ) = ρ0 + AT 2 at low temperature limits. The
emergence of the FL behavior itself is nontrivial and unpre-
dicted within the quadrupole Kondo model. To elucidate this
HF state seen below T ∗, we examined the A coefficient be-
ing proportional to m∗2 (m∗: effective mass of electrons) and
the Seebeck coefficient. Figure 5 shows the magnetic field de-
pendences of the A coefficient and the Seebeck coefficient di-
vided by temperature, S/T , for samples #15 1 AN and #18
at ∼ 70 mK, ranging from 3 to 9 T. It turns out that the A
coefficient of sample #15 1 AN is prominently enhanced at
around 4.8 T for B ‖ [100], which is between two characteris-
tic fields BQ and BH. On the other hand, the value for sample
#18 is not enhanced at the same field region, where the AFQ
phase lies.41) The maximum A value of sample #15 1 AN is
approximately ∼ 10 µΩcm/K2. This value is comparable to
the value of PrIr2Zn20 ∼ 15 µΩcm/K2, which roughly satis-
fies the Kadowaki–Woods relation.19, 42) This implies that the
nontrivial FL state in PrRh2Zn20 also has a strikingly large
electron mass. On the other hand, the Seebeck coefficient is
relatively small in this field range. Rather, S/T seems to be
enhanced on the verge of the crossover field BH, implying that
S/T is enhanced by the marked change in the electronic states
around BH via the relation S/T ∝ dσ/dε|ε=εF . Although S/T
is sometimes discussed to be directly related to an electron
mass, note that it is not always true.
At a glance, the enhancement of the A coefficient around
the critical field BQ,C is reminiscent of the quantum critical
Fig. 5. (Color online) Field dependence of the A coefficient, which is esti-
mated from the relation ρ(T ) = ρ0 + AT 2 (left axis), and the Seebeck coeffi-
cient S divided by T at ∼ 70 mK (right axis) for (a) sample #15 1 AN and (b)
sample #18. Note that S/T for B ‖ [110] is measured in sample #15 1 AN.
We do not plot the data below 3 T because the A coefficient is difficult to
estimate owing to the narrow fitting range41) and the Seebeck coefficient is
difficult to measure owing to the small signal.
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behavior near a QCP. In fact, the possibility of a quadrupo-
lar quantum critical point (Q-QCP) has been proposed in
PrTr2Al20 systems.21, 23) These reports claim that the obser-
vations of the superconductivity with sizable mass enhance-
ment in PrTi2Al20 and PrV2Al20 result from developing the
quadrupolar fluctuations on the verge of the FQ (AFQ) or-
dered phase. However, quantum critical behaviors such as the
anomalous critical exponent or critical divergent behavior of
physical quantities have not been observed around the critical
fields at low temperatures below T ∗ in PrTr2Zn20 systems;
instead, the FL behavior is observed. It would be unnatural
that the FL picture recovers if we consider that the quadrupo-
lar fluctuations are strongly developed in the vicinity of BQ,C.
These considerations lead us to conclude that the Q-QCP sce-
nario is unlikely in PrTr2Zn20 systems.
We have proposed an orbital selective Kondo effect, that is,
a composite order as an origin of this HF state.19) According
to the theory,43, 44) the symmetry between equivalent scatter-
ing channels of conduction electrons is spontaneously broken
as a second-order phase transition so as to release the resid-
ual entropy of log
√
2 in the two-channel Anderson lattice. In
addition, the conduction electron with the decoupled channel
shows a FL behavior with enhanced effective mass.43) Under
a magnetic field, the second-order transition should change
into a crossover because the two channels are forced to be
inequivalent.45) If the magnetic field is relatively weak, that
is, the channel inequivalence is sufficiently small, it is highly
possible that the crossover occurs very rapidly like a phase
transition. This scenario is apparently consistent with our re-
sults; the resistivity exhibits a FL behavior below the anomaly
at T ∗, and the anomalies at T ∗ are sharp at low fields but they
gradually become ambiguous with increasing field. Moreover,
this broadening of the anomaly clearly depends on the field di-
rection, as shown in Figs. 1(d) and 1(f). The T ∗ for B ‖ [100]
becomes ambiguous around 6 T, while that for B ‖ [110] is
observable even at 9 T. Thus, the development of the channel
inequivalence expressed by the splitting of the non-Kramers
doublet would be essential for the emergence of the HF state.
However, we have not obtained direct evidence to realize the
composite order below T ∗. Further studies, especially micro-
scopic measurements, are strongly required to specify the na-
ture of this novel HF state such as the order parameter.
By applying a magnetic field above BH, the ground state
changes into the FIS state for both field directions, as shown
Fig. 6. (Color online) (a) Temperature dependence of S/T below 1 K at
selected fields above 5 T. The black arrows point at the peak position of S/T .
(b) B-T phase diagram of sample #15 1 AN ranging from 3 to 9 T. The cross
mark represents the peak position of S/T . The shaded region shows an ex-
pected distribution of the peak positions of S/T .
in Fig. 2. According to the quadrupole Kondo model, the
crossover between the NFL and FIS states occurs at TH pro-
portional to δ2 ∝ B2−4 at high fields.45, 46) The c- f coupling
becomes weak deep inside the FIS state in accordance with
the splitting of the non-Kramers doublet, so that the strong
electron scattering due to the two-channel Kondo effect is
suppressed and the resistivity becomes almost independent of
temperature, as shown in Figs. 1(a)–1(c).
On further applying a magnetic field to sample #18 in the
[110] direction, the NFL behavior begins to be replaced by the
FIS state above B ∼ 11 T, which is larger than B ∼ 7 T applied
in the [100] direction for sample #15 1 AN. The anisotropy of
the FIS state would reflect the anisotropic field response of the
splitting δ for B ‖ [100] and B ‖ [110] because TH ∝ δ2 for
large B. Let us discuss the anisotropy of BH,C quantitatively.
The field response of δ can be easily calculated on the basis
of the perturbation theory to be δ[100] ∝ B2 and δ[110] ∝ B2/2.
If we consider that the splitting δ takes the same value at BH
for both field directions, namely, δ[100](B[100]H,C ) = δ
[110](B[110]H,C ),
the ratio of the critical fields BH,C is simply calculated as
B[110]H,C
B[100]H,C
∼ 1.4. (5)
This estimated value of 1.4 approximately agrees with the
ratio of the experimental values B[110]H,C /B
[100]
H,C = (11.4 ±
0.4)/6.7 ∼ 1.7 ± 0.1. The values BH,C are estimated by the
extrapolation of the boundary to T = 0. A slight discrepancy
of the factors might result from the estimation error and/or the
limitation of the perturbation theory in this field range.
Although the FIS state itself is simple, the boundary would
not be so simple. Recalling that the Seebeck coefficient is
markedly enhanced around the boundary of the FIS state
BH(TH), as shown in Fig. 5(a), we expect that the electronic
state changes abruptly around BH(TH). Actually, there exists
the peak structure of S/T along the BH(TH) boundary even at
high temperatures and high fields, as shown in Fig. 6. This
supports the fact that the peak position of S/T does not co-
incide with the position of the A coefficient, as shown in
Fig. 5(a). Moreover, the temperature dependence of S/T does
not show a divergent tendency at the low temperature limit,
as shown in Fig. 6(a). From these facts, a quadrupolar quan-
tum criticality would unlikely be observed in this system as
mentioned earlier. However, we have not revealed the specific
mechanism of the peak of S/T . Why the Seebeck coefficient
is strongly enhanced along TH is still an open question to be
addressed.
5. Comparison with PrIr2Zn20
As discussed in the previous section, we found that the
low temperature electronic states of PrRh2Zn20 are catego-
rized into four regions, and all of these states are characterized
by the energy splitting of the non-Kramers doublet. In other
words, these four states of PrRh2Zn20 are certainly derived
from the non-Kramers doublet. It is very important to find
the universal features of electronic states in the non-Kramers
system to compare our results with those of the other non-
Kramers systems. As the first step, let us discuss our data
again in comparison with the report on PrIr2Zn20.19, 27)
PrIr2Zn20, as well as PrRh2Zn20, belongs to the Pr 1-2-20
systems as mentioned in Sect. 2. PrIr2Zn20 shares similar fea-
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Table II. Crystallographic parameters and characteristic energy scales of PrIr2Zn20 and PrRh2Zn20. The point group and the energy level scheme are
determined by the INS experiments.26) The lattice constant a and the Γ3-type quadrupolar interaction g′ are reported in Refs. 24, 30, 47, and 48. The listed
values of TQ and T ∗ are estimated at B = 0.
Compound Symmetry Level scheme (K) a (Å) g′ (K) TQ (K) T ∗ (K) BQ,C (T) BH,C (T)
PrIr2Zn20 Td Γ3(0) − Γ4(27.4) − Γ1(65.8) − Γ5(67.3) 14.2729(2) -0.13 0.13 — 4.3 5.5
PrRh2Zn20 T Γ23(0) − Γ(1)4 (31.0) − Γ(2)4 (67.1) − Γ1(78.5) 14.2702(3) -2.328 0.07 0.1 3.5 6.7
tures to PrRh2Zn20, e.g., the CEF first excited energy and the
presence of the NFL, AFQ, HF, and FIS states, except for the
local point group symmetry. The notable details of both com-
pounds are described in Table II. Hereafter, we will express
each quantity such as TQ and BH,C with a suffix representing
the compound, e.g., TRhQ and B
Ir
H,C.
It was found that resistivity commonly exhibits the convex
curve NFL behavior for both compounds. The most impor-
tant is the fact that the NFL behavior can be described by
the unique Eq. (1) with a unique characteristic temperature
T0 regardless of the compound. Although the characteristic
temperatures T0 for the different compounds are naturally dif-
ferent from each other, it must be astounding that the same
scaling expression works very well among the different com-
pounds. Moreover, in the other non-Kramers system PrPb3,
which has a different cubic structure Pm3¯m from that of Pr
1-2-20 systems, we found that resistivity satisfies the same
scaling relation on Eq. (1) as well.49) The satisfaction of the
scaling for the different structural compounds strongly sug-
gests that non-Kramers systems share a universal mechanism
for the NFL behavior, namely, the quadrupole Kondo effect,
rather than a detailed mechanism that is valid for only the
individual compounds. Although many experiments on the
basis of the diluted U- and Pr-based compounds have pro-
vided the results hinting at the quadrupole (impurity) Kondo
effect,14, 15, 50) the complexity of the diluted system often pre-
vented the study of the universal behavior, which is a key for
the Kondo effect. Therefore, our studies on PrRh2Zn20 and
PrIr2Zn20 provide the systematic results to clarify the essen-
tial nature of the quadrupole Kondo effect. For further support
of our arguments, we need to perform the same scaling for the
other physical quantities such as specific heat and magnetic
susceptibility.
Let us now turn our attention to the ground states. The
AFQ transition temperature TRhQ ∼ 0.07 K at zero field is ap-
proximately half of T IrQ ∼ 0.13 K at zero field, and the crit-
ical field BRhQ,C ∼ 3.5 T is also smaller than BIrQ,C ∼ 4.3 T.
The difference in the transition temperature TQ of the AFQ
phase is simply expected to come from that of the RKKY-
type quadrupolar interactions for each compound. Since the Ir
and Rh ions provide the same number of d-electrons, the dif-
ference in the quadrupolar interaction would be derived from
the chemical compression of the crystal lattice. As shown in
Table II, the lattice constant of PrRh2Zn20 is slightly smaller
than that of PrIr2Zn20, so that the effect of the chemical com-
pression on PrRh2Zn20 is expected to be stronger. However,
the difference in the lattice constant for these compounds is
considerably small: ∆a/a ∼ 0.02%, ∆V/V ∼ 0.06%. It is
unlikely that this small change in the lattice constant results
in the variance of the AFQ phase transition temperature TQ.
Even though we assume that the small change is significant
to suppress the TQ of PrRh2Zn20, it is inconsistent with the
result of the recent hydrostatic pressure experiments that TQ
for both compounds initially increases with increasing pres-
sure.51) Moreover, the ultrasonic experiments have reported
that the intersite quadrupolar interaction g′Rh is much larger
than g′Ir, although T
Rh
Q is smaller than T
Ir
Q .
30, 48) Therefore, we
would not be able to explain the difference in TQ in terms of
only the quadrupolar interaction. Some kind of suppression
mechanism of the AFQ phase may be hidden in PrRh2Zn20.
The conspicuous qualitative difference between these com-
pounds is the presence or absence of T ∗ at zero field. Although
both compounds exhibit the FL behavior with a large A coef-
ficient below T ∗ in a magnetic field, T ∗ is observable even
at B = 0 only in PrRh2Zn20. As discussed in Sect. 4.3, we
have proposed the composite order as the origin of T ∗. In this
case, the energy scale of the composite order must be supe-
rior to that of the AFQ ordering so that T ∗ is explicitly ob-
served at B = 0 in PrRh2Zn20. According to the theoretical
study, however, the composite order is always masked by the
quadrupolar ordered phase around the half filling.44) Hence,
some kind of mechanism is required so that the composite or-
der overcomes the AFQ order. One possibility is that the crys-
tal lattice of PrRh2Zn20 involves a geometrical frustration or a
second nearest-neighbor interaction associated with the point
group T . These effects naturally suppress the AFQ phase. In
fact, it has been theoretically pointed out that the composite
order becomes superior to the AFQ phase by taking in these
effects.44) Moreover, if the crystal lattice of PrRh2Zn20 in-
volves these effects, the mysterious contradiction between the
smaller AFQ transition temperature TRhQ and the larger cou-
pling constant g′Rh as mentioned in the previous paragraph can
be explained qualitatively. Unfortunately, neither the theoret-
ical nor experimental studies supporting such possibilities in
PrRh2Zn20 have been reported so far. In any case, except for
the presence or absence of T ∗ at B = 0, it is common that the
novel HF state is formed below T ∗, and T ∗ gradually becomes
ambiguous with increasing field.
Finally, let us discuss the FIS state. As we mentioned in
Sect. 4.3, a sufficiently high field gives rise to the general FL
state due to the large splitting of the non-Kramers doublet.
Namely, the FIS state easily emerges if only the non-Kramers
doublet is split by even weaker fields. Since the splitting δ
follows ∝ B2/∆ within the perturbation theory, where ∆ is the
first excited energy from the CEF ground state, the compound
having the smaller ∆ would form the FIS state at lower fields.
In practice, PrIr2Zn20 has the smaller ∆Ir ∼ 27.4 K than the
value of PrRh2Zn20 ∆Rh ∼ 31.0 K, and accordingly, PrIr2Zn20
forms the FIS state at the lower field BIrH,C ∼ 5.5 T than
BRhH,C ∼ 6.7 T, as described in Table II. This is qualitatively
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consistent with the argument above and in Sect. 4.3. Interest-
ingly, in PrIr2Zn20, the entry of the FIS state accompanies the
remarkable enhancement of the Seebeck coefficient as well as
in PrRh2Zn20. Very recently, it has been found that the magne-
tostriction of PrRh2Zn20 exhibits a prominent peak along the
boundary.31) This implies, from the viewpoint of both micro-
scopic and macroscopic aspects, that there is a marked change
between the quadrupolar many-body state of the NFL or HF
state and the simple metallic state of the FIS state. It should
be important to pay much attention to the nature of the FIS
state and the boundary.
6. Summary
We have investigated the quadrupole-driven exotic physics
and their magnetic field effect in the non-Kramers system
PrRh2Zn20 from the viewpoint of transport properties such as
electrical resistivity and Seebeck coefficient. As a result, we
revealed the anisotropic B-T phase diagram composed of the
four states for B ‖ [100] and B ‖ [110]: NFL, AFQ, HF, and
FIS states.
In the NFL state, the convex temperature dependence of
resistivity with the exponent less than unity was observed
over a wide field region, reflecting the strong dumping of
quasi-particles due to quadrupolar many-body effects. These
dependences are well described in terms of the two-channel
Kondo lattice model with the characteristic temperature T0.
In addition, T0 is well expressed by the empirical relation
T0(B) = TK
[
1 + α {δ(B)}2
]
with the energy splitting of the
non-Kramers doublet δ. This obviously shows that the NFL
behavior is strictly governed by the non-Kramers doublet,
supporting the quadrupole Kondo lattice scenario. In the AFQ
ordered state, the transition temperature TQ for B ‖ [100]
monotonically decreases with increasing field, while TQ for
B ‖ [110] shows a reentrant behavior. The origin of this
difference is not clarified yet, although the effects of field-
induced moments and thermal fluctuations have been sug-
Fig. 7. (Color online) Schematic phase diagram expected for non-Kramers
systems. The solid line TQ is the phase boundary of the quadrupole ordered
state, and the dashed line T ∗ and dotted line TH are the NFL-HF crossover
and NFL-FIS crossover lines, respectively. The thin dash-dotted line T0 is
the characteristic temperature of the quadrupole Kondo effect. The horizontal
axis is set to be the energy splitting of the non-Kramers doublet by the mag-
netic field δ(B), reflecting that these four states are characterized by δ(B). The
existence of T ∗ at B = 0 is dependent on the compound.
gested as the candidate for the reentrant feature. In any case,
the anisotropy of the critical field BQ,C is mainly explained
by the difference in the splitting of the non-Kramers doublet.
In the HF state below T ∗, the resistivity exhibits a FL behav-
ior with a large effective mass deduced from the A coefficient
of ∆ρ(T ) = AT 2, although the quasi-particle picture origi-
nally fails above T ∗. The anomaly between the NFL and HF
states becomes broadened with increasing field, and the field-
response of the anomaly is anisotropic with respect to the field
direction, implying that the channel inequivalence expressed
by the splitting of the non-Kramers doublet is crucial for the
formation of the HF state. From these facts, we proposed a
composite order as the origin of this FL behavior. In the FIS
state, the resistivity changes gradually from the NFL behavior
to a FL behavior with a very weak temperature dependence
at temperatures below TH. This is because the considerable
splitting of non-Kramers doublet causes a singlet state with-
out quadrupole degrees of freedom. Interestingly, it is found
that the Seebeck coefficient is strongly enhanced along the
crossover temperature TH, implying that the electronic state
abruptly changes around the boundary of the FIS state.
Thus, as discussed in this paper, we revealed that all of the
four states constituting the phase diagram of PrRh2Zn20 have
a close connection with the splitting of the non-Kramers dou-
blet. Considering that a similar phase diagram has been ob-
served in another non-Kramers system PrIr2Zn20, the present
results strongly suggest that non-Kramers systems share a
common phase diagram. In fact, the other non-Kramers sys-
tem PrV2Al20 also shows a similar B-T phase diagram.52) On
the basis of these facts, here, we propose a common phase
diagram for non-Kramers systems with respect to the energy
splitting δ(B) under a magnetic field, as illustrated in Fig. 7.
Note that the existences of T ∗ at B = 0 and the quadrupole or-
dered structure are dependent on the compound. In addition,
the quadrupole ordered state and the novel heavy-fermion
state can be easily modified because these states are very sen-
sitive to lattice disorders. To confirm further the certain uni-
versality of this proposed phase diagram, further experiments
focusing on the other non-Kramers systems, not only Pr 1-2-
20 systems, are highly required.
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